The life cycle of bacterial cells consists of repeated elongation, septum formation, and division. Before septum formation, a division ring called the Z-ring, which is made of a filamentous tubulin analog, FtsZ, is seen at the mid cell. Together with several other proteins, FtsZ is essential for cell division. Visualization of strains with GFP-labeled FtsZ shows that the Z-ring contracts before septum formation and pinches the cell into two equal halves. Thus, the Z-ring has been postulated to act as a force generator, although the magnitude of the contraction force is unknown. In this article, we develop a mathematical model to describe the process of growth and Z-ring contraction in rod-like bacteria. The elasticity and growth of the cell wall is incorporated in the model to predict the contraction speed, the cell shape, and the contraction force. With reasonable parameters, the model shows that a small force from the Z-ring (8 pN in Escherichia coli) is sufficient to accomplish division.
bacterial cell division ͉ FtsZ-ring ͉ mathematical model ͉ peptidoglycan synthesis I n rod-like bacteria, such as Escherichia coli and Bacillus subtilis, a conserved cell division gene is FtsZ, which forms a filamentous ring structure (Z-ring) at the mid cell before division (1, 2) . The positioning of the Z-ring at the mid cell in E. coli is related to spatial-temporal oscillations in the MinCDE system (3) (4) (5) . For the actual division step, the radius of the Z-ring is seen to decrease over several minutes, after which a septum is formed and the bacterium separates into two daughter cells (1, 6) . It has been postulated that the Z-ring generates forces and ''pinches'' the cell into halves (7) , although whether FtsZ generates force is debatable. In addition to the Fts family of proteins, other proteins are also essential for cell division. In particular, disabling peptidoglycan (PG) synthesis proteins or penicillin binding proteins (PBP) just before division stops cytokinesis (8, 9) . A systematic study showed that some PBPs are localized near the Z-ring during division (10) . Therefore, cell wall synthesis is important in cell division. The mechanics and the dynamics of the cell wall must be considered on an equal footing for quantifying bacterial cell division.
Growth and synthesis of the bacterial cell wall is a complex process. The wall is composed of saccharide strands interconnected by polypeptides (7, (11) (12) (13) . Indeed, families of PBPs are found in bacteria, with some localized near the furrow during division and some uniformly distributed (10, 14, 15) . Coordinated activity of PBPs synthesizes new PG strands, cross-linking them into the existing wall structure. In a proposed growth model, old strands are also depolymerized, thereby removing them from the wall structure (a process that we will generically call ''turnover'') (7, 11, 16) , although models for E. coli growth without turnover also have been proposed (12, 13) . Using radio-active labeling, turnover in the PG layer has been investigated (17) (18) (19) . It was found that the cell wall turns over a significant fraction of its mass in one life cycle. The polar cap regions, however, turn over much more slowly during the growing phase of the bacterium (20) . In B. subtilis, which lacks an outer membrane, removed old strands have been detected in the surrounding medium (17, 21) . In E. coli, which has an outer membrane, old strands are probably recycled in the growth mechanism (18, 19) . Even though the cell wall structure is complex, it can be viewed as an elastic mechanical structure. The mechanical properties of the PG cell wall have been investigated, and the Young's moduli for several bacteria have been estimated (22, 23) . In Gram-positive bacteria, such as B. subtilis, the PG layer is relatively thick (Ϸ40 nm) (24) and mechanically rigid. In Gram-negative bacteria, such as E. coli, the PG layer is thin (Ϸ6 nm) (21) , and the wall is significantly softer.
Motor proteins have not been discovered for prokaryotic cells, and the mechanism of Z-ring contraction is unknown. How are wall mechanics, wall growth, and Z-ring contraction combined to achieve cell division? This article develops a mathematical model of bacterial cell division that incorporates realistic cell wall mechanical properties. The model also considers the kinetics of cell wall growth and turnover and gives a mechanism and quantitative description of cell wall viscoelasticity. The model predicts that a small force from the Z-ring (as low as 8 pN in E. coli) is sufficient to accomplish division. The most critical factor in generating realistic cell shapes during division is the wall growth kinetics, which determine the contraction speed.
The Model
Description of the Model. Our model of bacterial cell division has four major components: First, the mechanics of the primary structural component, the cell wall, is defined. The static cell shape is determined by how the wall responds to applied force. Specifically, the FtsZ-ring applies a localized and radially inward force at the division site. Second, internal turgor pressure must be included. The cell is inflated throughout the cell cycle. Third, growth of the cell wall adds new material to the existing cell wall. The manner of cell wall change is determined by the growth mechanism. Finally, during division, some PBPs are localized at the division site, leading to faster growth and wall synthesis near the division site. The localization is related to forces exerted by the Z-ring, which facilitates the breakage of existing PG cross-linkers. These four components are described by a coupled set of equations specified in supporting information (SI) Text. The following paragraphs give a qualitative description of these components.
Mechanics of Bacterial Cell Wall. The bacterial cell wall is a relatively rigid material. Bacterial cells also maintain a constant Author contributions: G.L., C.W.W., and S.X.S. designed research; G.L. and S.X.S. performed research; and C.W.W. and S.X.S. wrote the paper.
turgor pressure of 3-15 atm (25, 26) . This implies that the wall is under constant tension, much like an inflated balloon; just like a balloon, when the internal pressure and all other tensions are removed, the cell wall will relax to an undeformed shape. To compute the response of the bacterial cell under force, we must consider the difference between the undeformed (reference) shape, and the instantaneous (deformed) shape (Fig. 1) . The undeformed shape is described by mathematical functions (R(s), Z(s)), which can be measured if internal pressure of the cell is relieved. The instantaneous shape (r(s), z(s)) is the shape observed in the microscope. The difference between the deformed and undeformed shapes is explained by the mechanical properties of the cell wall. These factors can be quantified in an elastic energy, E(r(s), z(s), R(s), Z(s)), which is a function of the instantaneous shape and the undeformed shape. This energy contains bending, stretching, and actions from forces, such as those coming from the Z-ring and internal pressure. Given an undeformed shape, we can compute the instantaneous shape, using a force balance equation or minimizing the energy (see SI Text for details).
The cell wall also has a specific structure; PG strands are not randomly oriented. In E. coli, for example, it appears that PG strands are perpendicular to the longitudinal direction, which suggests that the mechanical properties of the cell wall are anisotropic. Mechanical constants in the hoop (radial) and longitudinal directions are different (12, 21, 22) . Anisotropic properties of the cell wall can be modeled by introducing different bending and stretching constants in the circumferential and longitudinal directions. These constants are also related to Young's moduli in those directions that have been estimated in experiments. Some of the constants used in the model are summarized in Table 1 .
Cell Wall Growth and Remodeling. Having a properly defined wall elastic energy is not sufficient to describe the division dynamics. As we have noted, cell wall growth and turnover, which occur along the cylindrical part of the cell, also must be included. There is evidence for a 3-for-1 mechanism for the incorporation of new strands in E. coli (7, 11, 16) . Three new, parallel strands are laid down just beneath an existing strand. The end strands are cross-linked together, and the old middle strand is depolymerized. Alternative scenarios without removal of strands have been proposed (12) . In our model, the removal of the old strands is not crucial. However, because new strands are added to the current deformed shape, the growth mechanism should change undeformed configuration. Therefore, the undeformed shape (R(s), Z(s)) is dynamic and a function of time. Additional equations are needed to describe the changes in (R(s), Z(s)). The physical picture described by these equations is summarized in Fig. 2 . For a small length segment of the cell wall, its shape can change by changing the component of the segment in the R and Z directions. The Z-component will elongate over time with a speed according to a rate of relative length change, 2
Ϫ1 . In addition to elongation in the Z-direction, the undeformed radius, R, also changes over time. A new PG strand is added from below to the instantaneous (i.e., deformed) wall (Fig. 2) . The newly added and cross-linked material must conform with the current radius, r, which is different from the undeformed radius because of internal pressure and other forces (such as the contraction force from the Z-ring). Thus, over time, the undeformed radius must change and approach the current radius. The time scale of this turnover dynamics is described by another relative rate constant, 1
Ϫ1 . This type of phenomena is similar to morphoelasticity described in ref. 27 for plant tendrils.
It is important to note that the newly added material cannot have an undeformed radius equal to the current radius. This would imply that the cell radius will continually increase over time because the deformed radius is always larger than the undeformed radius as a result of internal pressure. Instead, R must approach a radius smaller than r, say (r Ϫ d), where d ϭ d 0 r, and d 0 is a parameter. Fig. 1 . A mechanical model of bacterial cell division. The FtsZ-ring is positioned at the mid cell and generates a contractile force, f, in the inward radial direction (red arrow). The observed PG cell wall is inflated from the undeformed cell shape by internal turgor pressure, much like a balloon. The undeformed cell shape is defined by parametric profiles (R(s), Z(s)), which are the radial and longitudinal components of the material point coordinates; the deformed shape is similarly defined by profiles (r(s), z(s)); s is an arc-length measured from the mid cell. During division, deformed and undeformed shapes are changed by cell wall growth and remodeling (green regions indicate where most of the growth and remodeling occurs). Our model combines the mechanical properties of the cell wall with the growth and remodeling kinetics to compute the cell shape during division. This parameter models that, to act against the expanding pressure, the cell probably adds a ''prestretched'' PG strand or tightens the strand after it is added. The prestretched amount must be proportional to the added area; therefore, d ϰ r. The prestretching or tightening amount is exactly d 0 . d (or d 0 ) is determined by the Young's moduli in the radial direction and the magnitude of the turgor pressure. If the wall is stiff in the radial direction, then less tightening is needed to resist the expansion from turgor pressure. Using physiological turgor pressures in E. coli and B. subtilis and estimated Young's modulus for these species, we found by fitting that d 0 ϭ 0.2 for both E. coli and B. subtilis. The same constant is sufficient for two species of bacteria, which suggests that this is a common mechanism. In bacterial cells lacking MreB, it was found that the cell cannot maintain the rod-like shape and slowly increases in radius (28) (29) (30) . Although the mechanism of MreB is not known, our model suggests that the function of MreB is related to the constant d 0 . MreB possibly catalyzes the stretching step during PG addition, although our model is insufficient to give a molecular mechanism. An alternative model is to consider a possible ''mechanical reenforcement'' coming from the rigidity of MreB filaments. However, it should be noted that the necessary reenforcement force would be proportional to the turgor pressure, which is vastly different in E. coli and B. subtilis. It is unclear whether MreB is mechanically different in different species of bacteria.
Growth and Remodeling Kinetics. Finally, time constants associated with changes in R and Z, 1 and 2 , are also functions of the arc-length along the cell in our model. Growth and turnover can occur faster near the Z-ring. PBPs have been found to localize near the mid cell during division. Elongation and turnover rates must be proportional to the local PBP concentration; therefore, we introduce exponential functions for 1 (s) and 2 (s), modeling the spatial variations in PBP concentration:
where parameters 1,2 describe the width of the PBP distribution around the mid cell, and J 0 is the elongation rate of the cylindrical region resulting from the diffusively located PBPs. Through trial and error, we found 1,2 to be Ϸ15 nm, suggesting that division-related remodeling is concentrated around a Ϯ50 nm region near the Z-ring. This is consistent with available data on localization of PBPs (10). J 1,2 are the maximum rates at mid cell. The spatial dependences of 1 (s) and 2 (s) have a large effect on the shape of the cell during division (see Results). Thus, the Z-ring has two roles in this model: One is to generate a force that slightly changes the cell radius and establish the direction where the new wall can grow. The other role is to enhance the growth and turnover speeds near the mid cell so that the wall is remodeled there. The newly grown cell wall has a furrow, and therefore Z-ring does not have to completely overcome turgor pressure to decrease the cell radius further.
Results
If there is no growth and turnover in the cell wall, the model predicts that an extraordinarily large force is necessary to achieve contraction. From the estimated Young's moduli for E. coli and B. subtilis cell walls, and the known wall thickness, the bending constants are Ϸ10 4 pNnm and Ϸ10 6 pNnm, respectively. The stretching moduli are also substantial (300-1,000 pN/nm). If the cell wall is static, then it requires Ϸ400 pN to deform the cell radius by 200 nm. The energetic source for such a force is unclear. More importantly, the time for achieving this deformation is determined by the viscous drag experienced by the cell wall, which gives a contraction speed of the order 0.1 s, much faster than the contraction time of minutes observed in live cells.
With a growing cell, the situation changes. Solutions to four equations discussed in SI Text provide estimates for the cell shape during contraction and the necessary Z-ring force and growth and turnover rates. Fig. 3 shows computed cell shapes for E. coli with a Z-ring force of f ϭ 8 pN and f ϭ 80 pN. The initial cell shape was a perfect rod. The cell has contracted from a radius of 500 nm to 250 nm. The contraction time varies, depending on the growth and turnover rates. For J 1 Ϸ 0.05 s Ϫ1 and J 2 Ϸ 0.1 s Ϫ1 , the contraction finishes in 3-5 min, giving a contraction velocity of Ϸ 1 nm/s. Here, the growth rate 1 Ϫ1 and turnover rate 2
Ϫ1
are described by Eq. 2, and 1,2 ϭ 13 nm, indicating that the PBPs are concentrated in a region of Ϯ50 nm around the division site. Because growth and turnover are concentrated near the furrow, the length of the bacteria increases linearly with time during the division phase.
In E. coli, it was estimated that the cell turns over all of its wall material in approximately two life cycles (18) . If the cell cycle is Ϸ20 min, then the turnover rate or J 2 Ϫ1 should be around minutes.
A result of our modeling is that the division can succeed for a wide range of Z-ring force between 8 pN and 80 pN. Not surprisingly, the growth and remodeling rates are important factors in determining the cell shape; however, the Z-ring force is not a critical factor, at least for E. coli. Fig. 3 shows several examples of cells with different combinations of growth and remodeling behavior. We see that several combinations can produce qualitatively correct cell shapes (Fig. 3 A and B) . However, an unphysical growth-rate function will produce incorrect cell shapes (Fig. 3C) . The model also correctly predicts the shapes of minicells produced by E. coli mutants (Fig. 3D) .
In Gram-positive B. subtilis, the wall Young's modulus is smaller. However, the wall is thicker. Therefore, the bending modulus of the B. subtilis cell wall is larger than that of E. coli by a factor of 100. Here, significant Z-ring force is necessary to produce any deformations, and the distribution of PBP must be concentrated near the Z-ring. These factors produce the shape seen in Fig. 3E ; any subsequent growth of the cell wall will introduce a septum structure (vertical cell wall). Fig. 3E is similar to electron microscopy photos of dividing B. subtilis where the division furrow is narrow and quite sharp (31) . Fig. 4 displays the dependence of average contraction velocity on growth and turnover rates for E. coli. The contraction velocity is not constant, and the average velocity is taken after contracting 250 nm. The growth rate has little effect on the contraction, but the turnover rate is important. The role of the Z-ring force is seen to speed up contraction, although only linearly. The growth and turnover rates are proportional to each other, i.e., J 2 ϰ J 1 . However, the absolute values of J 1,2 are related to the growth conditions of the cell.
The dependence of the Z-ring radius as a function of time is shown in Fig. 4 Inset. The radius change is gradual initially and accelerates slightly as contraction proceeds. The displayed behavior results from the relative time scales of 1 and 2 . It is also possible to obtain roughly constant contraction velocities.
Depletion of MreB, an actin-like prokaryotic cytoskeletal protein, in both E. coli and B. subtilis causes the cells to grow rounder and fatter, eventually becoming spherical (28) (29) (30) . This morphological transition occurs over a few division cycles. It is possible that our phenomenological parameter, d 0 , is related to the function of MreB. To explore this hypothesis, we looked at the shapes of our simulated cell when the parameter d 0 was set to zero. For this case, the cell grew rounder and fatter, and the time course for the deformation was on order of the division time scale. Fig. 5 shows the shapes of a cell before and after setting d 0 ϭ 0. The simulated shape when d 0 ϭ 0 is strikingly similar to the shape of MreB-depleted B. subtilis cells after five doubling times (30) . Our model also predicts that when the turgor pressure is removed, the cell shrinks up to 50% in volume and 20% longitudinally and radially. These predictions are in accord with experimental observations (21, 32) .
Discussion
We have developed a dynamic model to understand the shape and mechanics of dividing rod-like bacteria. Cell shapes during division are the combined results of Z-ring force, cell wall growth, and cell wall turnover. The Z-ring force determines the direction of cell wall growth and indirectly determines the cell shape. The obtained results suggest that reasonable parameters for growth and turnover rates can reproduce physiologically observed shapes. The model also predicts realistic shapes and division times for inaccurate placement of the division site, such as those that occur for mini cells that lack the Min proteins. For other bacterial cells, such as Caulobacter crescentus, the basic approach should be equally valid; however, because these cells are asymmetric, a more sophisticated model for the cell wall mechanics is necessary. The basic model is also applicable to division in eukaryotic cells, such as budding and fission yeast (33) and plant cells that also have rigid cell walls. For eukaryotic cells without rigid walls, an actin cortex often maintains the shape of the cell. Whether growth and remodeling of the cortex are important will depend on the mechanical properties of the cortex and the magnitude of the contractile force from the actinmyosin contractile ring.
The molecular mechanism of FtsZ-ring contraction is currently unknown. To our knowledge, our model provides the first estimate of the force necessary to produce ring contraction and found that, with reasonable parameters, the Z-ring force is small. Indeed, in our model, we can use a constant force or a gradually decreasing force as the radius gets smaller (from 8 pN to 3 pN in the case of E. coli). In either case, contraction succeeds. Thus, the role of the Z-ring seems to be two-fold. One role is to generate a small force to establish the direction of cell wall growth. The other role is to concentrate the growth and enhance cell wall turnover near the ring. The result seems to generate a new undeformed shape with a furrow at the mid cell. The Z-ring does not have to act against internal pressure because the undeformed shape already has the appropriate shape. The mechanism of Z-ring force generation seems to be indirectly related to FtsZ GTPase activity (34, 35) . The estimated force is small when compared with eukaryotic motors, which exert between 2 pN and 50 pN per molecule. Such forces can be derived from multiple sources and mechanisms, including collective forces from thermodynamic ''phase transitions.' ' We have introduced a model to describe the growth and turnover of the bacterial cell wall. Active changes in the undeformed (reference) shape, and especially in the undeformed radius R(s), are essential in producing the correct furrow shape. The basic idea can be understood qualitatively like this: Imagine a balloon that is inflated. If new unstretched material is inserted into the balloon, the balloon will expand because of two factors. First, the newly inserted material displaces the old material; and second, the new material stretches. The only way to prevent the expansion due to stretching is to insert material that is prestretched, or tightened after insertion. This mechanism is accounted for in the model by the parameter d 0 , which models the prestretched amount (see Discussion and SI Text). We showed that removing this parameter causes a rod-shaped cell to expand radially, becoming more spherical (Fig. 5) . The dynamics of the cell shape is similar (in both appearance and time scale) to cells that are depleted of the actin-like protein MreB.
The proposed growth and turnover model can be experimentally checked by an atomic force microscope. An atomic force microscope tip can be used to measure the force necessary to indent the cell wall and apply a constant deformation during the growing phase of the bacterium. Initially, the measured force would be large, but growth and turnover will remodel the cell wall to accommodate the new geometry. The measured force is predicted to relax over time. The measured morphoelastic time scale would be related to the growth and turnover time scale in the model.
Finally, the spatial distribution of PBP synthesis and turnover in our model is quite simple. Actual measurements show complex organization, much of which is related to MreB and Mbl. These measurements can be incorporated in a refined version of the current model without assuming cylindrical symmetry. All of the growth and turnover rates discussed in the model should also be functions of elastic stress in the cell wall.
The observed PBP localization may be explained by varying effects of the elastic stress on the PBP binding and synthesis rates. Experimentally, the force dependence of PBP synthesis rates can be tested by applying forces to different regions of the cell. The present model can be used to analyze the growth rates when cells are subjected to different forces.
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